It is shown that an amenable algebra of operators on Hibert space which is generated by its normal elements is necessarily self-adjoint, so it is a C*-algebra.
A Banach algebra 21 is amenable if every derivation D : 21 -» X* is inner, for every Banach 2l-bimodule X. Investigation of the implications of this hypothesis on various aspects of the structure of 21 has been under way for some time. In particular there is the motivating result of Johnson [9] that L X (G) is amenable if and only if G is amenable, the profound results of Connes [2] and Haagerup [6] showing that a C *-algebra is amenable if and only if it is nuclear, and the beautiful result of Scheinberg [14, 7] that a uniform algebra on a compact space Cl is amenable if and only if it is C(fi). This last result, which amounts to showing that the algebra is self adjoint, is what prompted the present note. Indeed our result can be considered as an extension of Scheinberg's theorem to the non-commutative case.
Note that in general a commutative amenable algebra need not be self-adjoint, [10] . It is shown in [15] that the algebra generated by a compact operator (on Hilbert space) is amenable only if the operator is similar to a normal operator. A different approach, yielding more general results of this nature, is given in [5] .
There are many alternative formulations of the notion of amenability, and the power of the idea is well illustrated in the context of homological algebra. For further details see [l, 3, 8, 12] . For our purposes we need only the following result [8 PROOF: First note that it suffices to prove the result when 21 has an identity. For applying that case to 21* gives that 21* is a C "-algebra, whence so is 21 as it is a closed ideal in 21*.
Let 03 be the C *-algebra generated by 21, and suppose the result fails so that 21 ^ 03. Then by the Hahn-Banach theorem there is a nonzero <j> 6 03* with <£(2l) = 0. Consider the universal representation TT of 03 on a Hilbert space %. This representation may be lifted to 03** and identifies 03** with the von Neumann algebra on H generated by ?r(03), that is, the weak operator closure of TT(O3) In particular, we have
= <t>(S) = (n(S)t,*(V*)t), (S £21) so that
Now both 7r(2l)£, TT(O3)£ are left 2l-modules via ft in the obvious sense. Being reflexive they are dual modules. Both being closed subspaces of 7i, 7r(2l)£ is complemented in 7r(03)£. Thus by the Proposition there is an Ql-module projection P : 7r(03)£ -»7r(2l)£. But this means that for S 6 03, T £ 2l, so that Now for T £ 2l normal, TT(T) is normal, so by [4] , P also commutes with T(T)* = TT(T*). Thus P must commute with n(T), T £ 03. Since P is the identity on TT(2I)£ we have
for T e 03, so that in fact at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700014751 [3] Amenability 329
But 21 is unital, so that £ G TT(21)£, whence TT(T)£ G TT(21)£ for all T € 25, so that TT(Q})£ = ?r(2l)£, contrary to our assumption. D
